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Tensor damping in metallic magnetic multilayers
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The mechanism of spin pumping, described by Tserkovnyak e al. [Phys. Rev. B 67, 140404 (2003)], is
formally analyzed in the general case of a magnetic multilayer consisting of two or more metallic ferromag-
netic (FM) films separated by normal-metal (NM) layers. It is shown that the spin-pumping-induced dynamic
coupling between FM layers modifies the linearized Gilbert equations in a way that replaces the usual local,
scalar Gilbert damping constant with a nonlocal matrix of Cartesian damping tensors. As an example, explicit
analytical results are obtained for a five-layer (spin valve) of form NM/FM/NM’/FM/NM. These are com-
pared with earlier well-known results of Tserkovnyak ef al. for the related three-layer FM/NM/EM, which are
shown to have singled out the diagonal element of the local damping tensor along the axis normal to the plane

of the two magnetization vectors. For spin-valve devices of technological interest, the influence of tensor
damping on thermal noise fluctuations and/or spin-torque critical currents is shown to necessarily be coupled
to the nonlocal tensor properties of the magnetostatic interaction as well.
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I. INTRODUCTION

For purely scientific reasons, as well as technological ap-
plications such as magnetic field sensors or dc current-
tunable microwave oscillators, there is significant present
interest! in the magnetization dynamics in current-
perpendicular-to-plane (CPP) metallic multilayer devices
comprising multiple ferromagnetic (FM) films separated by
normal-metal (NM) spacer layers. The phenomenon of spin
pumping, described earlier by Tserkovnyak et al?? intro-
duces an additional source of dynamic coupling either be-
tween the magnetization of a single FM layer and its NM
electronic environment or between two or more FM layers as
mediated through their NM spacers. In the former case,? the
effect can resemble an enhanced magnetic damping of an
individual FM layer, which has important practical applica-
tion for substantially increasing the spin-torque critical cur-
rents of CPP spin valves employed as giant-magnetoresistive
(GMR) sensors for read-head applications.* Considered in
this paper is a more general treatment in the case of two or
more FM layers in a CPP stack. It will be shown in Sec. II
that spin pumping modifies the linearized equations of mo-
tion in a way that replaces the local, scalar damping constant
of the well-known Gilbert equations with a nonlocal matrix
of Cartesian damping tensors.> Analytical results for the case
of a five-layer spin-valve stack of the form
NM/FM/NM'/FM/NM are discussed in detail in Sec. III
and are in Sec. IV compared and contrasted with the early
well-known results of Tserkovnyak et al.’ as well as some
very recent results of that author and colleagues.® In the case
of CPP-GMR devices of technological interest, the influence
of the tensor nature of the damping on the thermal magneti-
zation fluctuations or spin-torque critical currents is shown to
be linked to the additional tensor properties of the nonlocal,
anisotropic magnetostatic interaction, such as is character-
ized by a stiffness-field tensor matrix. For the particular case
of in-plane magnetized CPP-GMR devices, it is argued that
the in-plane components of the damping tensor will likely
always play the dominant role. This result is complimentary
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to the physical description used in Ref. 3, which by construc-
tion singled out the diagonal component of the damping ten-
sor along the axis normal to the plane of the magnetization
vectors.

II. SPIN-PUMPING AND TENSOR DAMPING

As discussed by Tserkovnyak et al.>3 the spin current
IP"™ flowing into the NM layer at an FM/NM interface (Fig.
1) due to the spin-pumping effect is described by the
expression

oump _ i{Re gn<,ﬁ % d_’”) m gnd_’"]’ )
4 dt dt

where g'! is a dimensionless mixing conductance and i is
the unit magnetization vector. In this paper, m for any FM
layer is treated as a uniform macrospin. A restatement of (Eq.
(1)) in terms more natural to Valet-Fert’ form of transport
equations is discussed in Appendix A. With the notational
conversion IP'™P — —(%/2e)AJP"™, where A is the cross-
sectional area of the film stack, Eq. (1), for the case Re g'!
>1Im g'!, simplifies to

R
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FIG. 1. Cross-section cartoon of an N-layer multilayer stack
with N—-1 interior interfaces of FM-NM or NM-FM type, such as
found in CPP-GMR pillars sandwiched between conductive leads of
much larger cross section. In the example shown, the jth layer is
FM, sandwiched by NM layers, with spin-pumping contributions at
the ith (NM/FM) and (i+1)st (FM/NM) interfaces located at y=y;
and y=y,;,; (with i=j for the labeling scheme shown).
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where r't=(h/2e?)A/|g'!| is the inverse mixing conductance
(with dimensions of resistance area) and 4/2¢? is the well-
known inverse conductance quantum (=12.9 k(). In the
present notation, all spin-current densities J**" have the same
dimensions as electron-charge current density J, and for con-
ceptual simplicity are defined with a parallel (i.e., JP"=+7)
rather than antiparallel alignment with magnetization .
Positive J is defined as electrons flowing to the right (along
+y in Fig. 1).

For a FM layer sandwiched by two NM layers in which
the FM layer is the jth layer (j=0) of a multilayer film stack
(as in Fig. 1), spin-pumping contributions at the ith interface,
i.e., either left (i=) or right (i=j+1) FM-NM interfaces, Eq.
(2) can be expressed as

um h _(_ n~ P @1 @1
J?”?H T2 rlu (ij dt & dr )’ 3)

The physical picture to now be invoked is that of small (ther-
mal) fluctuations of s about equilibrium m, giving rise to
the diit/dt terms in Eq. (2). Since |m|=1, the three vector
components of m and/or dri/dt are not linearly independent.
To remove this interdependency, as well as higher order
terms in Eq. (3) it is useful to work in a primed coordinate
system where 2’ =m, through use of a 3 X3 Cartesian rota-
tion matrix R(m,) such that m=9R-m’'® To first order in

linearly independent quantities m, and mj, m=mg+R-m’,
) and where R denotes the 3 X2 matrix

from the first two (i.e., x and y) columns of fR. Replacing
m X dim/di=R-(m' Xdm'/dt), m' =mj=z2', and 7' X _ with
matrix multiplication, the linearized form of Eq. (3) becomes

Jump _E( 1) .. g —1 dm JJdt @
T e pb TN gy dm’ ,/dt

iy’

where m' = (

Using the present sign convention, S;=(Mt),A/ yi; is the
spin-angular momentum of the jth FM layer with saturation
magnetization thickness product (M,t);, and y>0 is the gy-
romagnetic ratio. Taking |M|=M, as constant, it follows by
angular-momentum conservation that3

A J+1
LD, ;L8RS vy, < 2 iy (5)
y o dt Adt  2ei
is the contribution to dm;/dt due to the net-transverse spin
current entering the jth FM layer (Fig. 1). In Eq. (5), J;'™
denotes the spin-current density in the NM layer at the ith
FM-NM interface. Taking the cross product mX on both
sides of Eq. (5), transforming to primed coordinates by ma-
trix multiplying by 98~'=9T, and employing similar linear-
ization as to obtain Eq. (4), one finds to first order that
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i=j
(6)

where RT is the 2 X 3 matrix transpose of R. By definition,
R] -1itg;=0.

"The quantities AJ? *PI in Eq. (6) are not known a priori but
must be determined after solution of the appropriate trans-
port equations (e.g., Appendix B). Even in the absence of
charge-current flow (i.e., J,=0) as considered here, the AJ"
are nonzero due to the set of JP"™ in Eq. (4) which appear as
source terms in the boundary conditions (Eq. (A9)) at each
FM-NM interface. Given the linear relation of Eq. (4), one
can now apply linear superposition to express
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in terms of the set of three dimensional (3D) dimensionless

Cartesian tensor C k- The c i« are convenient for formal ex-
pressions such as Eq. (9), or for analytical work in algebra-
ically simple cases, such as that exampled in Sec. III. How-
ever, they are also subject to methodical computation. For
the kth magnetic layer, the first, second, or third columns of

each C, ' are the dimensionless vectors A.ij‘" s1mu1taneously
obtalnable for all magnetic layers j from a matrix solution’
of the Valet-Fert’ transport equations with nonzero dimen-
sionless spin-pump vectors JEP, | =(=1)" Kbty @, 9, or
2).

To include spin currents via Eq. (5) into the magnetization
dynamics, the conventional Gilbert equations of motion for
m(t) can be amended as

dm ; dm ldS
—mlz—'y(m XHeff)+a ; X—L+L
dt (Mt)Adz

(8)

where of is the usual (scalar) Gilbert damping parameter.
From Egs. (6) and (7), one can deduce that the rightmost
term in Eq. (8) will scale linearly with dm’/dt, as does the
conventional Gilbert damping term. Combining these terms
together after applying the analogous linearization procedure
to Eq. (8) as was done in going from Eq. (5) to Eq. (6), one
obtains

dm;,
dt’

/x'x' a/lx'y' a/G 0

< %k Jk _ J 5 "”Pump
o' "x! o' "y 0 af
Xk ik J

A/xdl

" y[iﬁT Heft (m Hett)m] Eajk
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FIG. 2. Cartoon of a prototypical five-layer CPP-GMR stack
(leads not shown) with two FM layers (1 and 3) sandwiching a
central NM spacer layer (2) and with outer NM cap layers (0 and 4).
For discussion purposes described in the text, the magnetization
vectors mt; and rit3 can be considered to lie in the film plane (x-z
plane).

- fiy h/2e< 1) .
rpump _ 7/ RY.CL R
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where Kronecker delta 9;=1 if j=k, and 6;=0 if j #k.

In Eq. (9), @; is a two-dimensional Cartesmn “damplng
tensor” expressed in a coordinate system where mol—z
while @, ; is a “nonlocal tensor” spanning two such coor-
dinate systems This formalism follows naturally from the
linearization of the equations of motion for noncollinear
macrospins and is particularly useful for describing the in-
fluence of “tensor damping” on the thermal fluctuations
and/or spin-torque critical currents of such multilayer film
structures (e.g., as described further in Sec. IV). Due to the

spin-pumping contribution &, the four individual a'” v’
(with u v'=x’, or y') are in general nonzero with a]',j !

* a’kv Y reﬂectlng the true tensor nature of the damping in

this circumstance, which 1s additionally nonlocal between

’
magnetic layers (i.e., aﬂ#] "#0). The al’,f Y are somewhat

arbitrary to the extent that one may replace iﬁ<—>fﬁ~f}i2 in
Eq. (9), where R, is the 2 X2 matrix representation of any
rotation about the £’ axis.

It is perhaps tempting to contemplate an “inverse linear-
ization” of Eq. (9) to obtain a 3D nonlinear Gilbert equation
with a fully 3D damping tensor « k =R, a]k D‘ik However,
Eq. (9) has a null 2’ component and contams no 1nformat10n
regarding the heretofore undefined quantities ajk or a;,: <
For local, isotropic/scalar Gilbert damping, one can indepen-

dently argue on spatial symmetry grounds that o °

—aé}” u! =ag. However, the analogous extension is not so ob-

viously available for @f"™, given the intrinsically nonlocal,
anisotropic nature of spln pumping. The proper general equa-
tion remains that of Eq. (8), with the rightmost term given by
that in Eq. (5) or its equivalent.

III. EXAMPLE: FIVE-LAYER SYSTEM

Figure 2 shows a five-layer system with two FM layers
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resembling a CPP-GMR spin-valve to be used as a proto-
type. Although the full generalization is straightforward, the
material properties and layer thickness will be assumed sym-
metric about the central NM' spacer layer 2, which will ad-
ditionally be taken to have a large spin-diffusion length
l,>1, (with ¢; the thickness of the jth layer), such that the
“ballistic” approximation (B3) applies. The inverse mixing
conductances r/},_, will also be assumed to be real. Refer-
ring to either of the two the outer boundary conditions de-
scribed by Eq. (B5) of Appendix B, one finds for the
FM-NM interfaces at y=y; and y,, that

Tl Tl

FMA u NM FMA u
Jz 1 —J mj_, + ,“Jp mp, J4 J ,w.,p mp
(10a)
1 FM 1 iFM 1 FM 1 tFM
EAvi:I =+rJ,, 5AV4 =-rJds . (10b)

=l 4 [pl hypb(#/1) Tams
(10c)

ry=ri+[plhypb(t/D)lxm. 1)

where r=r, and r/'=r}'(by assumed symmetry), hypb
=tanh or coth (depending on boundary condition), and sub-
script “NM” refers to either outer layer O or 4. In Eq. (10)
and below, m ;< m; are used interchangeably. Inside FM
layer 3, Egs. (B1) and (B2) of Appendix B have solution
AVi(y3=y=yi)

=2A5 sinh[(y = y3)/lpm] + 2B5 cosh[(y = y3)/Ipw],

JP(y) = V(phaiAs cosh[(y = y3)/ Iy
+ By sinh[(y = y3)/lpv]

B3 =~ A3[{r] + [pl tanh(¢/]) }pu)/[(pD)pm + 1 tanh(t/D)py],
(11)
where the expression for B; follows from Eq. (10b). Sub-
script “FM” refers to either layer 1 or 3. The boundary con-

ditions (A5) and (A9) applied to the FM/NM boundary at
y=y; can be expressed in combination as

1 . 1a
5(233 -AV,) = (r, - Vzl)[A3/(Pl)FM Jgp " s ity

+rltgPm - (12)

where r,=r; and r}'=r]'. The ballistic values AV, and J5'™
are constant inside central layer 2. Using Eq. (11) to elimi-

nate coefficient B; in Eq. (12), the latter may be rewritten as

gump) ,

1 P
- Esz = Pl [(1 + 2qiy - i) - JP™ = J5omP],
ri + [pl tanh(2/1) ey

1
LD SN 1 13
2@1{“ "2 1+r{[tanh(t/l)/(pl)]pM}’ "

where 1 is the 3D identity tensor and rﬁ3~if1g denotes the 3D

qE
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tensor formed from the vector outer product of mi; with it-
self.

Working through the equivalent computations applied
now to the NM/FM interface at y=y,, one finds the analo-
gous result

1 - .
+ AV, = A+ 2gahy ) - P JE)(14)

Eliminating AV, between Egs. (13) and (14) provides the
remaining needed result for J3"

o le
M= RN =T =20 BT+ IR,

O =[1+qGh, - 1m] +1is - )] (15)

treating tensor é as the 3X3 matrix inverse of the
[]-bracketed tensor in Eq. (15). Using Egs. (10a) and (15) to
compute J?f\l/[%, then additional use of Egs. (4) and (6), allow

computation of the Cj; defined in Eq. (7)
Cii=Cx=al+bQ, C;3=C3=-00,
a=7lrl, b=rl2Ah uFh =3+ .
(16)

For explicit evaluation of ijf,f“mp, it is convenient to as-

sume a choice of iﬁjzm for which y|=y3, such that riy; and
M, lie in the x’-z’ plane. To simplify the intermediate alge-

bra to obtain é from Eq. (15), one can consider “in-plane”
magnetizations (Fig. 2), taking miy;=%, and iy, in the x-z
plane (ry,-Z=cos 6). This allows a particularly easy deter-
mination of E)Tij for which y|=y;=y

=T (cos 0j 0 —sin 0j

=13~ 0 1 0 ), 61=0, 03=0. (17)

Using Egs. (16) and (17) with Eq. (9) allows explicit solution

for the &;f”mp
<1pump _ hy h/2e2(a5jk+b(25jk_ 1) 0 )
7 4mMg), 7t 0 ady+bdy )’
sHj 1 ) f
1+qg+qcos’ 0
dy=dys=T 55
1+2g+¢°sin* 0
—(1+2g)cos 6
3= dy = (18)

1+2g+¢*sin® 6

Taking cos 0=, -1iy;, Eq. (18) holds for arbitrary orienta-
tion of miy, and mig;, provided the flexibility in choosing the

PR3 is used to maintain y{=y;. However, for multilayer
film stacks with three or more magnetic layers with magne-
tizations m; that do not all lie in a single plane, it will
generally be the case that some of the off-diagonal elements

of the @™ will be nonzero.
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IV. DISCUSSION

It is perhaps instructive to compare and contrast the re-
sults of Egs. (9) and (18) with the prior results in Ref. 3. The
latter are for a trilayer stack, corresponding most directly to
taking py— ©° in the present model, whereby J?:{?f:]ﬁf\&
=0. It is also effectively equivalent to the five-layer case with
insulating outer boundaries in the limit (z/1)yy— 0, whereby
J#0 but JY',—0 due to perfect cancellation by the
spin current reflected from the y,_o s boundaries without in-
tervening spin-flip scattering. Either way, it corresponds to
r, riTt—oe in Eq. (10) and a— 0 in Eqs. (16) and (18).

However, a more interesting difference is that Ref. 3
treats mi3 as stationary (hence J5""?=0) and 7, as undergo-
ing a perfectly circular precession about mi; with a possibly
large cone angle 6. By contrast, the present analysis treats
and m; equally as quasistationary vectors which undergo
small but otherwise random fluctuations about their equilib-
rium positions #iry; and g3 with rigz-Higz=cos 6. To further
elucidate this distinction, one can assume the aforementioned
physical model of Ref. 3 and reanalyze that situation in terms
of the present formalism. With dm;/dr=0=J5""" and by ex-
plicitly inserting the condition [e.g., from Eq. (3)] that
J5'™P. i =0, an explicit solution of Eq. (15) can be ex-
pressed in the form

1 q* cos i, — q(q + 1)y
JNM - — qump + qump -
2 =512 (1+q)—q cos’ 6 2 3
(19)
Combining Eq. (19) with the earlier result from Eq. (5) and
then Eq. (3) (with £=0), it is readily found that
dm 1dS h
IS D R et WL
dt (M), A dt 2¢ (M),
fiylde alg+ Doy JB"™) )
=— My X
(M,0), (1+gP?-gcos’g

A

iy X JHM

h/2€2<

) { fy (g + D)sin® 0 )}%
a (87M 1), r;l

C(1+q)?-g*cos? 0) | dr -
(20)

The last result in Eq. (20) uses J5"™ from Eq. (3), and the
fact that |3 X | =sin 6, and that dim,/dt and ;X m, are
parallel vectors in the case of steady circular precession of
m, about a fixed m. It is the direct equivalent of Eq. (9) of
Ref. 3 with the identification v& g/ (g+1).

Although the final expression in Eq. (20) is azimuthally
invariant with vector orientation of s, it is most convenient
to compare it with Eq. (18) at that instant where mt; is “in
plane” as shown in Fig. 2. At that orientation, dm,/dt
—dmy,/ dt:dm;y/ dt, and it is immediately confirmed from
Eqgs. (9) and (18) (with a—0) that the []-term in Eq. (20) is
simply the tensor element a7} Y of a "™ Tt is now seen that
the analysis of Ref. 3 happens to mask the tensor nature of
the spin-pump damping by its restricting attention a specific
form of the motion of the magnetization vectors, which in
this case singles out the single diagonal element of the aj?*"™"
tensor along the axis perpendicular to the plane formed by
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vectors m; and m;. The very recent results of Ref. 6 do
address this deficiency of generality, and reveal the tensor
nature of @?"™ with specific results for #=0, /2, and .
The present Sec. III additionally includes the nonlocal ten-
sors @ 3""P= E'ﬁ’ump as well as diagonal terms a8y, in Eq. (18)
(and the variation in parameter ¢) when it is not the case that
ravi-em << (P yahyp(tnm/ Inv) in boundary condition (B4).
The latter condition will likely apply in the case of the tech-
nological important example of CPP-GMR spin valves.

Speaking of such, two important practical issues for these
devices involve thermal magnetic noise and spin-torque-
induced oscillations. As described previously,® an explicit
linearization of the H*" term in Eq. (9) about equilibrium
state m1, that is a minimum of the free energy E leads to the
following matrix form of the linearized Gilbert equation in-
cluding spin pumping (with J,=0):

!

= ~ dm T’ ’ ’ %
% (Gy+Djp) - d_tk + Ek) Hly-my- =hj(1)=pR] -hs),

L (0 <U\p,  pEndly (M),
Gi = Ojic+ . Pi=
1 0 2y Am

5 = pl ! +pkakl Hef = — 1 9E(m)

i 2y 0 7Y Am o,
- N 0—,Heff -

— f 0j ST

Hj = (hg; - Hy) 15y . Hy =N/ -Hy- Ry

(21)

Where the k() are small perturbation fields. The form of D' i

and G/ i in Eq. (21) is chosen so that they retain the original
dehneatlon8 as symmetrlc and antisymmetic tensors regard-
less of the symmetry of ozjk By use of a fixed “reference

moment” Am in the definition of Heff the “stiffness-field”

tensor matrix H; 1w’y 0€0E/o’?m] é’mk , is symmetric positive

definite and 5E —AE (M) - 6m=—Am> hj’ m] has the

proper conjugate form SO that Eq (21) are now ready to

directly apply fluctuation-dissipation expressions speciﬁcally

suited to such linear-matrix equations of motion.® Treating

the fields h (r) now as thermal fluctuation fields driving the
’(t) ﬂuctuatlons

(i (D, (0)>— D" &),

ju'

Zk /u' 4
(@)= D (22)

/u kv

are the time-correlation or cross-power spectral-density
(PSD) Fourier transform pairs. Through their relationship de-
scribed in Eq. (21), the nonlocal, tensor nature of the spin-
pumping contribution af*"™ to &, is directly translated into
those of the 2Ngyv X 2Npy system “damping tensor matrix”
D' j’” v’ where Ny is the number of FM layers in the
multilayer film stack. The cross-PSD tensor matrix
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(w)<—>S + + (w) for the m' fluctuations can then be

m
k
expressed ast

Sprr (@) = —[x’(w) X' ()]

=X (@) Sy X' (),

X (0)=[H -io(G' +D")]", (23)

where Y'(w) is the complex susceptibility tensor matrix for
the {m’,h'} system and Y¥''(w) its Hermitian transpose. It
has been theoretically argued'® that Eq. (22), and thus the
second expression in Eq. (23), remain valid when J,#0,
despite spin- -torque contributions to Het resulting in an

asymmetric H [e.g., see Eq. (25)] that Vrolates the condition
of thermal equilibrium implicitly assumed for the
fluctuation-dissipation relations.

Since H' is in general fully nonlocal with anisotropic/

tensor character, any additional tensor nature of D will likely
be altered or muted as to the influence on the detectable m’
fluctuations. As an example, one can again consider the situ-
ation depicted in Fig. 2, applied to the case of a CPP-GMR
spin valve with typical in-plane magnetization. The device’s
output noise PSD will reflect fluctuations in i -m3. Taking
M5 to again play the simplifying role of an ideal fixed (or
pinned) reference layer (i.e., drit;/dt—0), the PSD will be
proportional to sin’ @ S}/n, , (w). As was also shown

Ix" 7 lx
previously,'! it follows from Eq. (23) (and assuming the
symmetry H;f’y’= ’V *'20) that

’ 1y'y ’ 2
, 2kpTy al)lcx (Hii ; /Hlfx)w0+al{} w

S ,(0())E

s

MM L (M A), (@ = ) + (wAw)?
wy=yVH{} yH””‘ Aw:y(al Hﬁy +a{}’yH'xx

(24)
treating ¥ a}}" << 1. The tensor influence of the "

is seen to be weighted by the relative size of the strffness-

field matrix elements H ’” v’ For the thin-film geometries

with 1< VA typical of such dev1ces out—of-plane demagneti-
zation field contribution typically result in H}{ "' that are an
order of magnitude larger than H|j * . Since aﬁ”y = aﬁ"x’
from Eq. (18), it follows that the hnewidth Aw and the PSD

S + v (0= wy) in the spectral range of practical interest will

MM
both be expected to be determined primarily by a;} '

A similar circumstance also applies to the important prob-
lem of critical currents for spin-torque magnetization excita-
tion in CPP-GMR spin valves with J, # 0. Consider the same
example as above, again treating mi; as stationary and seek-
ing nontrivial solutions of Eq. (21) (with h’(z)=0) of the
form m|(r) ce™'. Summarizing results obtainable from Egs.
(5), (8), and (21)

ot
Ix x
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hl2e
(Mst)l

ff _ pyeff NM ., o
HY =HY'|, o+ Jy " Xy,

r.r
d(Hii” saff HY s
et

,) =0, (25)
HYY -

r
1y'y! 'y
Hy " —s'ay

where s'=s/7v, a;f " as in Eq. (18) and where Mo, in
Eq. (25) is now the solution of the transport equations with
JPU"P=0 but J,#0. The cross product form of the spin-
torque contribution to He exphcltly ylelds an asymmetrlc/

nonreciprocal contribution to H', , HiT” —Hﬂ g,
The critical-current density is that Value of J, where Re s
becomes negative. Given the basic stability criterion that

det H 11>>0, the spin-torque critical condition from Eq. (25)
can be expressed as

I)erx {,lva/yv_Hi)IC\_Hr}x. (26)

Like for thermal noise, the spin—torque critical point should

again be determined primarily by a;} ' for in-plane magne-

tized CPP-GMR spin valves with typical Hi{'y’>Hﬁ“/x’.
This simply reflects the fact that the (quasiuniform) modes of
thermal fluctuation or critical-point spin-torque oscillation
tend to exhibit rather “elliptical,” mostly in-plane motion
when H|{ ’y ,>Hﬁ""’. This is obviously different than the
steady, pure circular precession described in Ref. 3, which
contrastingly highlights the influence of ;] Y
interesting, additional 6 dependence.

, along with its
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APPENDIX A: INTERFACE BOUNDARY CONDITIONS

The well-known “circuit theory” formulation'? of the
boundary conditions for the electron-charge current density
J, and the (dimensionally equivalent) spin-current density
JEm at a FM/NM interface can (taking AViy=AVpyit) be
expressed as

J.=(G"+ G (Vam = Viw)

1
+5(GT_GL)(AVNM'”A1_AVFM)3 (A1)

I = (G'=GY(Vam— Vi) + = (GT+Gl)

+1Im G (AVyy X 1) (A2)

in terms of spin-independent electric potential V and accu-
mulation AV (=eAu). Setting J,=0 in Eq. (A1) and substi-
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tuting into Eq. (A2), one obtains in the limit Im G'' — 0 the
result
2G'G
Jls\lljﬁlj ~0= G, Gl(AVNM — AVt

+ G X AV X 1h). (A3)

Comparing with Eq. (4) of Tserkovnyak et al’ (with
AV& ) and remembering the present conversion of
Jin . —(Ah/2e)"'IR%, one immediately makes the identifi-
catlon

g =24h12eHGM (A4)

relating dimensionless g'! in Eq. (1) to G'!, the conventional
mixing conductance (per area).

The common approximations that J3i'=Jh" inside all
FM layers, and that longitudinal spin-current density is con-
served at FM/NM interfaces, yields the usual interface-
boundary condition

J0n gy = J3Rin, (A5)

Solving for JSpm m from Eq. (A2) then leads [with Eq. (A1)]

to a second-scalar boundary condition
v G'+G!  G'-G!
WETMT UGG T 46GHTR

JSplIl (A6)

Equation (A6) is identical in form with the standard (collin-
ear) Valet-Fert model” and immediately yields the following
identifications:

G -Gt
G +G!

_m+m
T 4G'GY

Y= (A7)
for the conventional Valet-Fert interface parameters r and y.

The three vector terms on the right of Eq. (A2) are mutu-
ally orthogonal. Working in a rotated (primed) coordinate
system where Z'=m’, Eqs. (Al) and (A2) can be similarly
inverted to solve for the three components of the vector
(AVip—AVpyrt') in terms of JGN", Jiy, and J,. A final
transformation back to the original (unprimed) coordinates
yields the vector interface-boundary condition

(AVNM - AVFMm) [(r Re r“)JSpm - r’yJe]rﬁ

+Re rL 00 + Im 7l i X J308,
1= 126" = (hi2e?)/(g11A). (A8)

Combined with Eq. (A4), the last relation in Eq. (A8) yields
Eq. (2). Equation (A8) is a generalization of Valet-Fert to the
noncollinear case.

As noted by Tserkovnyak et al.,> boundary conditions
(A3) do not directly include spin-pumping terms but instead
involve only “backflow” terms Jgp”‘<—>Jb"1Ck in the NM layer.
With spin-pumping physically present, JNM arises as the re-
sponse to the spin accumulation AVyy, created by JP"™P. It
follows that JRF=J50ir— JPU™ where J3r is henceforth the
total spin current in the NM layer. Thus, including spin
pumping in Valet-Fert transport equations is then a matter of
replacing J3ar — Jib— JPU™P in Eq. (A8). The modified form
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of Eq. (A8), for a FM/NM interface, becomes

1 .
E(AVNM — AVytht) = [(r = Re r')JRT = ryd Jit

+Re rH(J3hn — yrump)
+1m rlhi X (J3in — gpume)
(A9)

For an NM/FM interface, the sign is flipped on the left sides
of Egs. (A6) and (A9).

APPENDIX B: 1D TRANSPORT EQUATIONS

For one-dimensional transport (flow along the y axis), the
quasistatic Valet-Fert’ (drift diffusion, quasistatic) transport
equations can be written as’

FAV AV 9 1{oV 1 __ 0AV
—=—, —|J=—\—+zph-—]|=0
ady [ ady y 2 ay

bl

along with

1 9V 10AV
JPn=— B—m+-——], (B1)
p

+
ay 2 dy

where p=bulk resistivity,'3 /=spin diffusion length, and B
=bulk/equilibrium spin-current polarization in FM layers
(8=0 in NM layers). The solution for any one layer has the
form
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_ 1
V=pJey+C—EBAV-rﬁ, AV=Ae""+Be™!. (B2)

For FM layers, A=Am, B=Bm. In the case where
[>>>film thickness, one may employ an alternative ballistic
approximation:

AV=A, JP'=B, V=C. (B3)
It is not necessary to solve for V and/or the C coefficients
using Eq. (A6) if only AV and J*P™" are required. The remain-
ing coefficients are determined by the interface-boundary
conditions Eq. (A5), (A6), (7), and (A9), and external bound-
ary conditions at the outer two surfaces of the film stack.

Regarding the latter, one approximation is to treat the ex-
ternal “leads” (with quasi-infinite cross section) as equilib-
rium reservoirs and set AV(y=y;_on) —0 at the outermost
(i=0,N) lead-stack interfaces of an N-layer stack (Fig. 1).
The complimentary approximation is of an insulating bound-
ary, with. J®"(y=y,_o y) —0. For the case (such as in Sec.
III) where the outer (j=0,N—1) layers are NM, and the ad-
jacent inner (j=1,N-2) layers are FM, it is readily found
using Egs. (B1) and (B2) that

AV = = 2(pl) g y_ihypb(1/ 1),

(B4)

where hypb( )=tanh( ) or coth() for equipotential, or insu-
lating boundaries, respectively. Combining Eq. (B4) with Eq.
(A9), and neglecting Im r'!, one finds for J,=0 that

13

1
* EAVZ]\;I,N—I =[ri+ (Pl)j=o,N—1hYPb(fj/lj)]J,'FM,

AL

NM FM_~
Ji =J

: + . (B5)
r}* + (pl) hypb(z1;)
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